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Abstract
The notion of Banach operator pairs is introduced, as a new class of noncommuting maps. Some com-
mon fixed-point theorems for Banach operator pairs and the existence of the common fixed-points of best
approximation are presented. These results are proved without the assumption of linearity or affinity for
either f or g, which shows that the concept about Banach operator pairs is potentially useful in the study
of common fixed-points.
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1. Introduction
A remarkable application of fixed-point theorems is to prove the existence of fixed-points in
best approximation (see [3–5,13,16,22–24,26]), which has special significance for the spaces that
are not strictly convex (see [5]). As generalization of fixed-points, common fixed-points of two
maps f and g satisfying some contractive or nonexpansive type condition have been studied by
many authors and applied to various problems, especially to those associated with best approxi-
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J. Chen, Z. Li / J. Math. Anal. Appl. 336 (2007) 1466–1475 1467mation (see [1,2,6,10,18,21]). The early result about common fixed-points in best approximation
was proved in [18] under the assumption of commutativity of maps, which has a crucial role in
the proof. This is also true in the later developments in [1,2] and [10]. When turning to consider
noncommuting maps, Pathak et al. in [16] obtained a result for compatible maps, and Shahzad
in [21] introduced the so-called R-subweakly commuting maps in normed spaces and general-
ized the results in [1] to this class of maps; more recently, Hussain and Khan [6] studied common
fixed-points in best approximation in locally convex spaces. It is noted that in all these known
results, the linearity or affinity for either f or g is assumed.
In this paper we shall introduce the notion of Banach operator pairs, a new class of non-
commuting maps. The definition and the properties will be given in Section 2. Some common
fixed-point theorems for Banach operator pairs and the existence of the common fixed-points of
best approximation will be presented in Sections 3 and 4 separately. These results are proved
without the assumption of linearity or affinity for either f or g, which shows that the concept
about Banach operator pairs is of basic importance for the study of common fixed-points in best
approximation. Further research on this topic is contained in the PhD dissertation of the first
author.
2. Banach operator pairs
For two self-maps f and g of a metric space X with metric d , denote by F(f ) the set of fixed-
points of f , C(f,g) the set of coincidence points of f and g, and F(f,g) the set of common
fixed-points of f and g. f is called g-nonexpansive if
d
(






, for all x, y ∈ X. (1)
Definition 2.1. The ordered pair (f, g) of two self-maps f and g of a metric space X is called
a Banach operator pair, if the set F(g) of fixed-points of g is f -invariant, namely f (F (g)) ⊆
F(g).
It is obvious that if f and g commute on X, then (f, g) must be a Banach operator pair. But
the converse is not true in general, see Example 1(iii) below. Moreover, Example 1(i) and (ii)
show that (g, f ) is not a Banach operator pair in general when (f, g) is such a pair.
If the self-maps f and g of X satisfy
d
(






, for all x ∈ X, (2)
for some k  0, gf (x) = f (x) whenever x ∈ F(g), i.e. f (x) ∈ F(g), and hence (f, g) is a Ba-
nach operator pair. In particular, when f = g and X is a normed space, (2) can be rewritten
as
∥∥f 2(x) − f (x)∥∥ k∥∥f (x) − x∥∥, for all x ∈ X; (3)
such f is called a Banach operator of type k in [25] (see [4,26], also). This is the origin of the
name “Banach operator pair.”
The following proposition gives an equivalent characterization of Banach operator pairs.
Proposition 2.2. For two self-maps f and g of a metric space X, the pair (f, g) is a Banach pair
if and only if f and g commute on the set F(g).
1468 J. Chen, Z. Li / J. Math. Anal. Appl. 336 (2007) 1466–1475Proof. If (f, g) is a Banach pair, then for each x ∈ F(g), f (x) ∈ F(g), and hence gf (x) =
f (x) = fg(x), that means, f and g commute on F(g). Conversely, if f and g commute on the
set F(g), then for each x ∈ F(g), gf (x) = fg(x) = f (x), and so f (x) ∈ F(g); therefore (f, g)
is a Banach pair. 









, for all x ∈ X, (4)
for some k  0, then (f, g) is a Banach pair, by Proposition 2.2.
Example 1. Let f and g be two self-maps of X =R2 defined by
f (s, t) = (s2 + t2 + s − 1, s2 + t2 + t − 1),
g(s, t) = ((s − t)2 + 2s − t, (s − t)2 + s)
for (x, t) ∈R2. Direct computation shows that
F(f ) = {(s, t) ∈R2: s2 + t2 − 1 = 0},
F (g) = {(s, t) ∈R2: s − t = 0 or s − t + 1 = 0},
C(f,g) = {(s, t) ∈R2: 2st − s + t − 1 = 0}.
The following assertions can be verified easily:
(i) f (F (g)) ⊆ F(g), and hence (f, g) is a Banach operator pair on R2, equivalently, f and g
commute on the set F(g), by Proposition 2.2;
(ii) (g, f ) is not a Banach operator pair, since for (1,0) ∈ F(f ), g(1,0) = (3,2) is not in F(f );
(iii) f and g do not commute on the set C(f,g), since, for example, taking (1, 23 ) ∈ C(f,g),
gf (1, 23 ) = ( 179 , 149 ) = ( 30581 , 27881 ) = fg(1, 23 ).
There have been several known classes of noncommuting maps in literature. Sessa [19]
defined two self-maps f and g of the metric space X to be weakly commutative if
d(fg(x), gf (x))  d(f x,gx), for all x ∈ X. A larger class of noncommuting maps, the so-
called R-weakly commuting pairs, was introduced in Pant [15], where two self-maps f and g
are in this class if there is some R > 0 such that d(fg(x), gf (x)) Rd(f x,gx), for all x ∈ X.
Jungck [7] proposed the notion of compatible maps by defining two self-maps f and g to
be compatible if limn→∞ d(gf (xn), fg(xn)) = 0 provided {xn} is a sequence in X such that
limn→∞ f (xn) = limn→∞ g(xn) = t , for some t ∈ X. There is also further generalizations of
compatibility, see [17] and its references. Obviously, the class of compatible maps contains the
previous two ones. Many results about common fixed-point theorems for commuting maps have
been generalized to these noncommuting maps (see [7–9,11,12,15,17,19,20]). For best approx-
imation for common fixed-points, as pointed out in the first section, Shahzad [21] and Hussain
and Khan [6] made some valuable progress in normed spaces and locally convex spaces, re-
spectively. The R-subweakly commuting maps considered in [21] is a subclass of R-weakly
commuting maps.
The sets F(f ), F(g) and C(f,g) are the starting points in the study of common fixed-points
for noncommuting maps, the intersection of any two of which is the set F(f,g) of common
fixed-points of f and g. From a certain standpoint, the known classes of noncommuting maps
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dence points set C(f,g); for example, Jungck [7,9] showed
Proposition 2.3. The compatibility of f and g implies their commutativity on C(f,g), and the
converse is also true if they are continuous and one of them is proper.
Moreover, as in the proof of Proposition 2.2, it is not difficult to prove
Proposition 2.4. The commutativity on C(f,g) of f and g is equivalent to the invariance
of C(f,g) under f , namely f (C(f,g)) ⊆ C(f,g).
Collating with this, our definition about Banach operator pairs is based on the invariance
of F(g) under f , or equivalently, the commutativity on F(g) of f and g, by Proposition 2.2,
which distinguishes it from compatibility.
Example 1 illustrates that, a Banach pair (f, g) need not be compatible. The following exam-
ple shows that the converse also holds.
Example 2. Let f and g be defined in Example 1. Take f˜ (s, t) = f (s, t) and
g˜(s, t) = (2st + t − 1,2st − s + 2t − 1).
It is clear f˜ and g˜ are continuous and also proper. It is not difficult to verify that F(g˜) = C(f,g)
and C(f˜ , g˜) = F(g); therefore, f˜ and g˜ commute on C(f˜ , g˜) by Example 1(i), namely they
are compatible. But they do not commute on F(g˜) by Example 1(iii), and hence (f˜ , g˜) is not
a Banach pair.
For continuous Banach operator pairs, there is an equivalent characterization in terms of se-
quences as stated in the following proposition.
Proposition 2.5. For two continuous self-maps f and g of a metric space X, the pair (f, g)
is a Banach pair if and only if for each sequence {xn} in X such that limn→∞ g(xn) =




gf (xn), f (xn)





Proof. To prove the necessity, let {xn} be the sequence in X and suppose that limn→∞ g(xn) =
limn→∞ xn = t ∈ X. First by continuity of g, g(t) = limn→∞ g(xn) = t , i.e. t ∈ F(g), and hence
f (t) ∈ F(g). Now from the continuity of f and g, it follows that limn→∞ gf (xn) = gf (t) =
f (t) = limn→∞ f (xn) = limn→∞ fg(xn), and consequently both equalities in (5) hold.
For the sufficiency, let x ∈ F(g) and take xn = x for n = 1,2, . . . . It is obvious that
limn→∞ g(xn) = limn→∞ xn = x, and then by the continuity and the equation in (5), we have
d(gf (x), f (x)) = limn→∞ d(gf (xn), f (xn)) = 0, which implies that gf (x) = f (x). Thus (f, g)
is a Banach pair. Likewise, by the continuity and the later one in (5), we have d(gf (x), fg(x)) =
limn→∞ d(gf (xn), fg(xn)) = 0, which implies that gf (x) = fg(x), and by Proposition 2.2,
(f, g) is a Banach pair too. 
At the end of this section, we show that for a given map g there are lots of maps f such that
(f, g)’s are Banach operator pairs.
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be a map from M to [0,1]. Define fα(x) = (1 − α(x))x + α(x)g(x). Then (fα, g) is a Banach
operator pair.
Proof. It is obvious that fα is a self-map of M , since M is convex. For each x ∈ F(g), fα(x) =
(1 − α(x))x + α(x)x = x ∈ F(g), thus (fα, g) is a Banach operator pair. 
3. Common fixed-points of Banach operator pairs
We shall prove two common fixed-point theorems for Banach operator pairs with nonexpan-
sivity on normed spaces. For this purpose a simple lemma for a contractive Banach operator
pair (f, g) will be presented, with an extra assumption of the nonemptiness of F(g) in compari-
son with some known conclusions (see [1, Theorem 2.1], [21, Lemma 2.1], for examples), but it
will nevertheless prove useful in the proof of our main theorems.
Lemma 3.1. Suppose f and g are two self-maps of a closed subset S of the metric space X with
metric d , such that (f, g) is a Banach operator pair on S and f is g-contractive on S, i.e.
d
(






, for all x, y ∈ S, (6)
with fixed k ∈ [0,1). If g is continuous, F(g) is nonempty and Cl(f (S)) is complete, then F(f,g)
is a singleton.
In the above lemma, F(g) and F(f,g) are considered as subsets of S. The proof of the lemma
follows by applying the Banach Contraction Principle to f on F(g). In fact, by assumptions,
f (F (g)) ⊆ F(g), F(g) is nonempty closed subset and Cl(f (F (g))) ⊆ Cl(f (S)) is complete,
and moreover it follows from (6) that
d
(





)= kd(x, y), for all x, y ∈ F(g),
i.e. f is contractive on F(g), then the Banach Contraction Principle implies that there is a unique
fixed-point x0 of f on F(g), and consequently F(f,g) = {x0} is a singleton.
It is noted that the assumption on completeness of the space in the Banach Contraction Prin-
ciple can be replaced by completeness of the closure of the image of the map.
As usual, a subset S of a linear space X is said to be starshaped with respect to a point p ∈ S
if {kx + (1 − k)p: 0 k  1} ⊆ S, for each x ∈ S.
A normed space X is said to satisfy Opial’s condition (see [10,14]) if for every sequence
{xn} ⊆ X weakly convergent to x ∈ X, the inequality
lim inf
n→∞ ‖xn − x‖ < lim infn→∞ ‖xn − y‖ (7)
holds, for all y = x. Hilbert and lp (1 p ∞) spaces satisfy this condition.
A map h from a subset S of a normed space X to X is said to be demiclosed on S if for every
sequence {xn} ⊆ S such that {xn} converges weakly to x ∈ S and {h(xn)} converges strongly to
y ∈ X, we have y = h(x).
The following theorem is a strong variant of Theorem 6 in [10].
Theorem 3.2. Let S be a weakly compact subset of a normed space X which is starshaped with
respect to p ∈ S, and let f and g are two self-maps of S such that (f, g) is a Banach operator
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continuous on S, F(g) is starshaped with respect to p, Cl(f (S)) is complete, and if either
(i) X satisfies Opial’s condition or (ii) g − f is demiclosed on S,
then F(f,g) = ∅.
Proof. Let {kn} be a sequence of real numbers such that 0 < kn < 1 and kn → 1 as n → ∞.
Define a sequence {fn} of maps on S by putting
fn(x) = knf (x) + (1 − kn)p, for all x ∈ S.
Then the following facts are easy to be verified:
(a) for each n, the map fn does carry S into S since S is starshaped with respect to p ∈ S;
(b) since f is g-nonexpansive on S, it follows that for each n and x, y ∈ S,∥∥fn(x) − fn(y)∥∥= ∥∥knf (x) − knf (y)∥∥ kn∥∥g(x) − g(y)∥∥,
i.e., each fn is g-contractive on S;
(c) for each n, (fn, g) is a Banach operator pair on S; indeed, since (f, g) is a Banach operator
pair, for x ∈ F(g) we have f (x) ∈ F(g), and hence fn(x) = knf (x)+ (1 − kn)p ∈ F(g) by
the fact that F(g) is starshaped with respect to p ∈ F(g);
(d) the completeness of Cl(f (S)) implies the completeness of each Cl(fn(S)), and the weak
compactness of S implies that S is closed.
Now by Lemma 3.1, for each n, there exists a point xn ∈ S such that xn ∈ F(fn, g).
The rest of the proof will follow the outline of the later part of that of Theorem 6 in [10] with
a little modification.
Since the weak compactness of S and the weak continuity of g imply the weak compactness
of F(g) ⊆ S, there exists a subsequence {xni } which converges weakly to some x0 ∈ F(g). In
what follows, we shall show that there is also x0 ∈ C(f,g). First it is noted that the weak com-
pactness of S implies that S is weakly bounded, and thus strongly (norm) bounded; therefore
{f (xni )} ⊆ S is bounded. Since
(g − f )(xni ) =
(
kni f (xni ) + (1 − kni )p
)− f (xni )
= (1 − kni )
(
p − f (xni )
)
,
we have ‖(g − f )(xni )‖ (1 − kni )(‖p‖ + ‖f (xni )‖), and hence, by kni → 1,∥∥(g − f )(xni )∥∥→ 0 as ni → ∞. (8)
Now if X satisfies Opial’s condition and g(x0) = f (x0), from (7), (8) and (1) we have
lim inf
i→∞
∥∥g(xni ) − g(x0)∥∥< lim inf
i→∞
∥∥g(xni ) − f (x0)∥∥
 lim inf
i→∞
∥∥(g − f )(xni )∥∥+ lim inf
i→∞
∥∥f (xni ) − f (x0)∥∥
 lim inf
i→∞
∥∥g(xni ) − g(x0)∥∥,
which is a contradiction. Therefore g(x0) = f (x0) and so x0 ∈ F(f,g).
If g − f is demiclosed on S, then from (8) and that {xni } converges weakly to x0 we have
(g − f )(x0) = 0, i.e. g(x0) = f (x0), and thus x0 ∈ F(f,g). 
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of the maps f and g is replaced by the hypothesis that (f, g) is a Banach operator pair in Theo-
rem 3.2 above; and moreover, the requirement of the affinity of g is relaxed by merely assuming
that F(g) is starshaped. In addition, the condition that g(S) = S is also dropped.
Theorem 3.3. Let S be a closed subset of a normed space X which is starshaped with respect to
p ∈ S, and let f and g are two self-maps of S such that (f, g) is a Banach operator pair on S,
f is g-nonexpansive on S, and p ∈ F(g). If g is (strongly) continuous on S, F(g) is starshaped
with respect to p and Cl(f (S)) is compact, then F(f,g) = ∅.
For the proof, we define the sequence {fn} of maps on S as in the proof of Theorem 3.2, and
the assertions from (a) to (d) still hold, with the observation that the compactness of Cl(f (S))
implies its completeness, and also the completeness of each Cl(fn(S)). As before, by Lemma 3.1,
there exists a point xn ∈ S for each n such that xn ∈ F(fn, g). Also in view of the compactness
of Cl(f (S)), there exists a subsequence {xni } such that {f (xni )} converges in norm to some
x0 ∈ Cl(f (S)). Since
xni = fni (xni ) = kni f (xni ) + (1 − kni )p → x0
and g(xni ) = xni , the continuity of f and g implies that g(x0) = x0, and f (xni ) → f (x0), i.e.
f (x0) = x0. Therefore x0 ∈ F(f,g).
Remark 2. By comparing with Theorem 2.2 in [1] (also Lemma 2.2 in [21]), the commutativity
of the maps f,g, and the linearity of g are relaxed by assuming that (f, g) is a Banach operator
pair and that F(g) is starshaped respectively in Theorem 3.3 above. In addition, the condition
that f (S) ⊆ g(S) is also dropped. By taking g = I , the identity mapping, Theorem 3.3 implies
Theorem 4 in [4].
Remark 3. It is noted that the assumption of linearity or affinity for g is necessary in almost all
known results about common fixed-points of maps f,g such that f is g-nonexpansive under the
condition of commutativity, weakly commutativity, R-subweakly commuting or compatibility
(see [1,6,18,21] and the literature cited therein), whereas the proof of our results depends only
on the Banach Contraction Principle, not necessarily on them.
Before ending this section, we give another example which verifies that the results in this
section does indeed generalize those for commuting maps, and have different traits from those
for compatible maps and others.
Example 3. For x = (s, t) ∈ R2 take the norm ‖x‖1 = |s| + |t |. Let f and g be two self-maps
of X =R2 defined by




(s − 2), 1
2
(
s2 + t − 4)
)




(s − 2), s2 + t − 4
)
,
for (x, t) ∈ R2. Obviously g is nonaffine. From the definition of the norm ‖ · ‖1 it is easy to see
that f is g-nonexpansive; and direct computation shows that
F(f ) = {(−2,0)}, F (g) = {(−2, t): t ∈R1},
C(f,g) = {(s, t): t = 4 − s2, s ∈R1}.
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(i) f (F (g)) ⊆ F(g), and hence (f, g) is a Banach operator pair on R2;
(ii) for (s, t) ∈ C(f,g), gf (s, t) = fg(s, t) except (s, t) = (−2,0) or (6,−32), hence f and g
do not commute on the set C(f,g).
The maps f and g have a common fixed-point (−2,0).
4. Applications to best approximation
Let C be a subset of the normed space X. For x0 ∈ X, we denote by PC(x0) the set of best
C-approximants to x0, i.e.
PC(x0) =
{
y ∈ C: ‖y − x0‖ = d(x0,C)
}
,
where d(x0,C) = infz∈C ‖z − x0‖.
Theorem 4.1. Suppose the normed space X satisfies Opial’s condition, f and g are self maps
of X, and C is a subset of X with f (∂C ∩ C) ⊆ C and that Cl(f (C)) is complete. Let
x0 ∈ F(f,g) such that PC(x0) is nonempty, weakly compact and starshaped with respect to
p ∈ F(g). If (f, g) is a Banach operator pair on PC(x0), f is g-nonexpansive on PC(x0)∪ {x0},
and if g is both weakly and strongly continuous on PC(x0), F(g) is starshaped with respect to p
and g(PC(x0)) ⊆ PC(x0), then PC(x0) ∩ F(f,g) = ∅.
Proof. If x0 is in C, then x0 ∈ PC(x0) ∩ F(f,g) and so the assertion holds.
In what follows we assume that x0 is not in C. In this case we have PC(x0) ⊆ ∂C ∩ C, and
hence f maps PC(x0) into C by assumption.
Since f (x0) = g(x0) = x0 and f is g-nonexpansive on PC(x0)∪ {x0}, it follows that for each
y ∈ PC(x0),∥∥f (y) − x0∥∥= ∥∥f (y) − f (x0)∥∥ ∥∥g(y) − g(x0)∥∥= d(x0,C),
because of g(PC(x0)) ⊆ PC(x0), which implies that f (y) ∈ PC(x0). Therefore f is a self map
of PC(x0).
It is clear that the completeness of Cl(f (C)) implies the completeness of Cl(f (PC(x0))),
and PC(x0) ∩ F(g) is starshaped with respect to p. Now applying Theorem 3.2 to f and g on
S = PC(x0) proves that PC(x0) ∩ F(f,g) = ∅. 
Remark 4. Obviously, Theorem 4.1 is a useful variation of Theorem 7 in [10], by assuming that
(f, g) is a Banach operator pair and that F(g) is starshaped instead of the commutativity of f,g
and the affinity of g.
Theorem 4.2. Suppose f and g are self maps of the normed space X, and C is a subset of X
with f (∂C ∩ C) ⊆ C. Let x0 ∈ F(f,g) such that Cl(f (D)) is compact, where
D := {y ∈ PC(x0): g(y) ∈ PC(x0)}.
If (f, g) is a Banach operator pair on D, f is g-nonexpansive on D∪{x0}, and, if g is continuous
on Cl(D) and D ∩ F(g) is starshaped with respect to p, then PC(x0) ∩ F(f,g) = ∅.
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PC(x0) into C by assumption.
It is noted that D ∩ F(g) is nonempty, at least p ∈ D ∩ F(g). We shall show that D ∩ F(g)
is closed. In fact, for {yn} ∈ D ∩ F(g) such that yn → y0, we have y0 ∈ Cl(D) ⊆ PC(x0) since
PC(x0) is closed, and from the continuity of g at y0, yn = g(yn) → g(y0), which implies that
g(y0) = y0 ∈ PC(x0). Therefore y0 ∈ D ∩ F(g).
It is clear that g is a self map of D ∩ F(g). We claim that f also maps D ∩ F(g) into
itself. To show this, let y ∈ D ∩ F(g). By repeating the process of the proof of Theorem 4.1
we obtain f (y) ∈ PC(x0), and since (f, g) is a Banach operator pair on D, we have gf (y) =
f (y) ∈ PC(x0). Thus f (y) ∈ D ∩ F(g).
Finally we note that Cl(f (D ∩F(g))) ⊆ Cl(f (D)) is compact by assumption. Then applying
Theorem 3.3 on S = D ∩ F(g) yields the desired conclusion. 
Remark 5. Theorem 4.2 generalizes Theorems 3.2 and 3.3 in [1] in the following four aspects:
(i) the commutativity of f,g is replaced by assuming that (f, g) is a Banach operator pair;
(ii) that g is linear on D and that D is starshaped are relaxed to that D ∩ F(g) is starshaped;
(iii) the assumption that g(D) = D or g(C) ∩ D ⊆ g(D) ⊆ D is left out;
(iv) that D is closed is deleted (if D is closed, the continuity of g on Cl(D) is naturally equiva-
lent to that of g on D).
Remark 6. If g(PC(x0)) ⊆ PC(x0), then D = PC(x0); in this case, the assumptions on D in The-
orem 4.2 is moved to PC(x0) and the same conclusion is yielded; further, since Cl(f (PC(x0))) ⊆
PC(x0)∩ Cl(f (C)), the conclusion is true if we assume that PC(x0) or Cl(f (C)) is compact in-
stead of Cl(f (PC(x0))). Thus we arrive at a generalization of Theorem 3 in [18].
Our results also present advantages in comparison with Theorems 3.1, 3.3 in [6] and Theo-
rems 2.3, 2.4 in [21].
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